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Abstract—This paper studies the power minimization problem nications problems. Using the uplink-downlink duality [4] as
for the MIMO broadcast channel. The optimal solution involves  well as convex optimization techniques, [5-7] are significant
interference-balancing (IB) and iterative convex optimization papers that address the power minimization problem, for the
procedures. In this paper, the zero-forcing (ZF) problem is . . . ’
considered, with dirty paper coding (DPC), resulting in a simple case of users with mult.|ple antennas, assuming p(_arfe.ct CSIT.
non-iterative implementation using the block diagonal geometric ~ FOr the papers mentioned above, convex optimization pro-
mean decomposition (BD-GMD). Subchannel selection is applied vides the optimal user orderings and minimum power. This
in order to approach the performance of the optimal IB solution.  gptimal solution is referred to as interference-balancing (IB),
Optimal and near-optimal solutions are provided to find the as opposed to zero-forcing (ZF), since noise is taken into

encoding order and subchannel selection for each user. The . .
advantages of the methods proposed are their non-iterative account, and interference is allowed between the subchannels.

nature and much reduced computational complexity. Simulations The complexity is high due to its inherent iterative nature,
run on both uncorrelated and correlated channels show that a heavy computational load in each iteration, and large number
transmit power close to the optimal IB solution can be reached. of jterations. Simple ZF-based solutions have to be found that
approach the optimal. Although suboptimal, these solutions
help in reducing the complexity of the hardware. In [10], non-
In multiple-input multiple-output (MIMO) wireless commu- iterative precoding methods were designed for power mini-
nications, multiple antennas are deployed at both the tramsization given user rate requirements. Fast computation of the
mitter and the receiver, giving much capacity improvemeniptimal (ZF case) user ordering is done with less tiaf!
without using additional power or bandwidth. For a MIMCdeterminant calculations for a system wikh users. Using a
broadcast channel (BC), with channel state information atethod called successive closest match (SCM), an ordering
the transmitter (CSIT), the block diagonal geometric meahat is close to the optimal is found with only (K + 1)/2
decomposition (BD-GMD) [8,9] can be applied with dirtydeterminant calculations. To do so, it was assumed that all
paper coding (DPC) to create identical SNRs for every das®ailable subchannels are used, meaning that the number of
stream of each particular user. Equal-rate modulation can trerbchannels used for each user is equal to the number of its
be used on these data streams. The benefits of using dinéennas.
equal-rate modulation include the excellent BER, for uncodedFor MIMO channels, a common phenomenon encountered
systems [1], in addition to the reduced transceiver complexitg. channel correlation. As the MIMO channels become rank
The BD-GMD is a multiuser extension of the geometric meafeficient, it would be better to use only a selection of the
decomposition (GMD) [1] for point-to-point communicationsavailable subchannels. For point-to-point communication using
Equal-rate modulation is also useful where there is a restricti@MD, allowing subchannel selection may result in a lower
on constellation size, especially in practical wireless links. Feransmit power for the same target rate. Correspondingly, for
example, very higher order modulation may be required fthhe MIMO broadcast channel, this paper proposes BD-GMD
good subchannels when using a communication strategy bagéith subchannel selection (BD-GMD-SS). In the multiuser
on singular value decomposition (SVD). This may be imprascenario, there is an extra advantage of subchannel selection
tical due to the presence of phase noise and synchronizationa user because it frees up more spatial degrees of freedom
errors. for the later encoded users. This paper describes techniques
In multiuser systems, users may be placed at differetat find the best user ordering and subchannel selection for
distances from the base station (BS), resulting in differetite BD-GMD-SS. Simulations show that the minimum power
channel strengths. Furthermore, user rate requirements magbletion using BD-GMD-SS can be be found over a hundred
different. While satisfying the rate requirements, it is importarnimes faster than the optimal IB solution, with a sum power
to minimize the transmit power of the BS to reduce thelose to that. To reduce the complexity even further, a sub-
interference it causes to other BSs. Convex optimization [@ptimal ordering method is proposed with little performance
3] offers iterative methods to solve several non-linear commioss.

I. INTRODUCTION



This paper is organized as follows. Section Il gives thehere the sizes of the respective matrices should be clear. Note
channel model. Following that, Section Il describes a singléhat the first and last matrices of (4) are unitary. After pre- and
user GMD with subchannel selection. Next, the power minpost-multiplying (4) byP* and Q respectively,
mization for a given user ordering and subchannel selection "
for the MIMO broadcast channel is derived in Section IV. The P"HQ=L, (®)

complexity of finding the best user ordering and SUbChamWhereL is a lower triangular matrix with diagonal elements

selection is discussed in Section V. Then in Section VI a(,jﬂ - -
.. ) . ' —all equal to the geometric mean of the firssingular values
efficient method to find the user ordering and subchannel sg- q 9 'p5INg

S . : . . B H. Let this equation (5) be called GMD-SS, where ‘SS’

lection is proposed. Simulation results are provided in Secu?@fers to ‘subchannel selection.
VII and the conclusion is contained in Section VIII. '
Notations

Let I denote theN x N identity matrix. diag(L) is the
diagonal matrix with elements from the main diagonallof
Let A = blkd(A1, A,,..., Ag) represent the block diagonal In [10], a ZF-based transceiver scheme that minimizes
matrix with A, as diagonal blocksE[], (-)7, and (-)¥ power without using subchannel selection has been proposed.
represent the expectation, transpose, and conjugate transpddlis section, a new power minimization using subchannel
respectively.CM <Y s the set of complex\/ x N matrices. Selection is presented. Firstly, assume that the encoding order
of the users and the subchannel selection is fixed. Suppose the
. ) ] rate requirement for uset is Ry. Let i, be the number of
Given a cellular system with one BS ard mobile users, g,pchannels allocated to user Denote Np = ZkK:1 M as

consider thebroadcast channefrom the BS to the mobile the total number of data streams. Then the SNR needed for
users. The BS is equipped witNy antennas, and thé-th  o5cn subchannel of uséris Yk, Wherey, = (28x/m 1),

IV. POWER MINIMIZATION FOR A GIVEN USERORDERING
AND SUBCHANNEL SELECTION

Il. CHANNEL MODEL

. K

mobile user has, antennas. LelVg = 5 _;_, n; be the total penote A = blkd(A1, As, ..., Ax) as the block diagonal

number of receive antennas, whehey > Ng. The input- receive equalization matrisE as the transmit pre-equalization

output relation can be represented as matrix, and B as the interference matrix. The problem of
y=Hx+u, (1) power minimization is formulated as

where x € CM7*1 is the transmit signal vector at the minimize Tr(FHF)

BS,y € CV&*l is the receive signal vector witly = . 1/2

vT,--,y%]", and eachy, € €"*! is the receive signal subject to - AHF =/ NoI'"/"B

vector of userk. H = [HY,...,H%]T, where eachH, ¢ BelL, AeB

CmexNr s the channel of usek. Assume that the noise |AG, )] =1 for1<i< Np. (6)

vector u has independent and identically distributed (i.i.d.) . _ .
zero-mean circularly symmetric complex Gaussian (CSc@erel is the set of allNp x Np lower triangular matrices
elements withE[uu’’] = NyI, and u is independent ok. with unit diagonal B is the set of all block diagonal matrices
Assume also thaE[[|x||2] = E,. Denote this downlink model such that each block i&, € C">". F e CN7*"?, and
by Nt x [n1,...,nxl. I' € CNVo*Np s the diagonal matrix of SNR requirements.
T = blkd(Ty,...,T'x), whereT'), = vI,,,.

. . . o With subchannel selection for userA . will not be square.
For a matrixH, the single-user GMD is [IH = PLQ™.  ThereforeA may not be unitary. The solution of [10] can be

Here, P and Q are square unitary matrices, ahdis a lower modified to this scenario. A reformulation of the BD-GMD
triangular matrix with all the diagonal elements equal, angith subchannel selection is defined:

given by the geometric mean of the singular valuesHyf

5= HiN:1 s;, whereN is the size of the smallest dimension of PPHQ =L,

H. Subchannel selection may provide a lower transmit powerr pH# o H, 5 L, O

for a given target rate. ’[ 0o PY } { L, } [Q Q)= { X i, ] , (7)
To do this, SVD is performed on the channel matrix. Next,

GMD is applied to the first) singular values. For example,where H; is the channel of user 1, anH, contains the

suppose that only the first 2 out of 3 singular values are useldannels of user 2 onwardP. and Q are semi-unitary, i.e.

IIl. SINGLE-USERGMD WITH SUBCHANNEL SELECTION

for a 3 x 3 channel matrixH. PHP =I1andQ”Q = I. L is a lower triangular matrix which
S/ I is block-equal-diagonal — the diagonal block corresponding to
H=U { 3 } \ () each particular user has equal diagonal elements.
PLQ " v He_re,Ll can be obtainec_i frpnP{{HlQ_l =Ly, which is
=[U wuy] [ 53 } { vH ] (3) the single-user GMD-SS. Sin€®; has to lie in the null space
3

L QP of H;, the projection matrixI — Q; Q1) is used.
-rew |t L] %] @ Py [H, (1- QuQY)] Qo = L, ®



which is the same form as (7), so the algorithm proceeBsselects the user that has the minimum channel strength
recursively. Finally, X can be calculated as trace(H;H ) /ny,. A total of K(K + 1) determinant calcula-
X — PHYI 9 tions are required to obtain all these orderings. For a detailed
=Py HoQu . ©) complexity analysis, the reader is referred to [10].
Let the resulting equation (7) be called BD-GMD-SS. For each of these orderings, as well as the original unordered
Let PPHQ = L be the BD-GMD-SS foiH, and letA = case, the optimal subchannel selection is evaluated ith
diag(L). A = blkd(A4,...,Ak), where A, = )\, for SVDs. Therefored K N. SVDs would be performed for all
some\;. Then, to solve (6), the following is applied [10]: 4 orderings, compared t& K!N. SVDs in section V. The
125 -1 ordering that gives the minimum power is chosen. Let this
Q= \/ﬁor A, F=QQ, be called the ‘best choice ordering. This ordering is then
B=Q !A'LQ, A=P% (10) used in the BD-GMD-SS to calculate the transmit and receive

equalization matrices.
V. OPTIMAL USERORDERING AND SUBCHANNEL g

SELECTION VIl. SIMULATION RESULTS

The optimal user ordering and subchannel selection can beConsider the8 x [2,2,2,2] downlink scenario. Let each
found by an exhaustive search. However, the complexity harser have 2 antennas. LBt = [p1,..., px| be the vector of
is much higher. In addition to searching throuith orderings, rate requirements for each user. let [cy, ..., ck] be the
all subchannel selection combinations have to be tested &trannel strengths of each user. The elements of the channel
each ordering. The BD-GMD-SS can be computed, to findatrix of userk are modelled as i.i.d. zero-mean CSCG with
the power, for each ordering and subchannel selection. Tariancecy,.
optimal case is chosen as the one that gives the minimuntor the scenario of channel correlation, the following model
power. is employed. Correlation between the channel responses is
To save on complexity, a ‘power-test’ version of the BDseen for the transmit antennas, as the base station is usually
GMD-SS can be used to find the transmit power, since tHatated in a high and unobstructed position [12]. The transmit
is the only relevant parameter of interest. As seen in sectioorrelation matrix for each user is dependent on the nominal
IV, L; is obtained by the single-user GMD-SS. Therefore itangle of departure (AoD});,, and the angular spread. As each
diagonal elements are all equal to the geometric mean of theer is located in rich local scattering vicinity, its antennas
first i, singular values, which can be obtained by a SVee uncorrelated channel responses. Similarly, there is no
This givesA;. Next, asQ, has to lie in the null space @f,, correlation between different users’ antennas, as they are
the projection matrix(I — V’1V’f1 ) can be used, where theusually far apart.
columns of V' are the firsty, right singular vectors oH;. The channel for usek can be modelled as [14]
Subsequently, thé\, can be found recursively, by applying 1/2\1
the function onH,(I — V'; V/¥). In this way, onlyK SVDs Hi = Hor(Ryy)" (12)
need to be carried out, instead of the complete BD-GMD. whereH,, ;, € C"+*N7  the elements of which are i.i.d., zero-
Each user has at least one active subchannel, to satigf¥an CSCG with unit variance, amly , € CN7*N7 s the

its rate requirement. For each user ordering, the numbertgfnsmit correlation matrix for usér. The matrix square root

subchannel combinations to be tested is (-)'/2 is defined such thaR'/?2R!/? = R..
K To construct the covariance matrices [13], consider a uni-
N. = H n; . (11) form linear array (ULA) at the base station, where the antenna
=1

spacing is denoted at For an AoD#, the steering vector is
The total number of tests would B€!N,. This gives rise to given by

a total of KK!N, SVDs. a(f) = [17€j27rdsin(0)/w7 o ’ej27r(NT71)dsin(0)/w]T. (13)

V1. EFFICIENT METHOD TO OBTAIN USERORDERING

wherew is the carrier wavelength. Let the cell served by the
AND SUBCHANNEL SELECTIONS

base station be divided int§ sectors. Then

When the number of users is large, the complexity would =/
be reduced if only a subset of alt'! orderings are tested. Rz, :/ Yr(0)a(h)a’ (0)do, (14)
In this section, an efficient method to obtain a suboptimal —n/S

ordering is proposed. [10] describes 3 methods of orderingnere ¢ (6) is the ray-density function. The rays from the
assuming no subchannel selection. All three methods are nggse station to each user are assumed to have a uniform density

iterative and do not involve convex optimization proceduregjstripution. The nominal AoD id;, and the angular spread
They select users in a “top-down” manner, from the firs§ A, Thus

encoded user to the last encoded user. Method 1 is called 1 hende — Ar/2 < 0 < G+ Ay /9
successive closest match (SCM) which matches user SNRy. (6) :{ A, When k= k/2<60 <0+ Ag/
requirements with effective channel strengths after projection. 0 otherwise.

Method 2 selects the user that gives the minimymMethod (15)



For all the figures, ‘SS’ means that BD-GMD with subcharalso provides a large benefit, as can be explained by the
nel selection is used while ‘no SS’ means that subchanmifferent target rates for different the users, which is also
selection is not used. ‘U’ denotes the unordered case, whire phenomenum displayed in Fig. 2. For example, there is
the original user ordering is taken. ‘no SS:opt’ refers to the power reduction of 4 dB for the case of no subchannel
case where subchannel selection is not allowed but the optirsalection atp = 4. Also, the gap between the BD-GMD-SS
user ordering is found. The best subchannel selection frheme with optimal user ordering and subchannel selection
‘SS’ is found by consideringV,. cases. ‘SS:u’ denotes theand the optimal IB scheme is less than 0.5 dB at 4.
unordered case with optimal subchannel selection appliedFig. 5 illustrates the case where users have different chan-
‘SS:opt’ refers to the case where the optimal combination o€l strengths. This may be result of users being located at
user ordering and subchannel selection given by Section Vdifferent distances from the base station. Even though the rate
applied. For ‘SS:bco, the ‘best choice ordering’ described iequirements are similar, there is a large improvement from
Section VI is used. The subchannel selection is also optin@milering the users. This is because proper ordering matches
in this case. ‘IB:opt’ shows the power obtained by the optiméthe user rate requirements with the effective channel strengths
IB solution. Although not a DPC technique, the graph for ZBfter projection.

linear block diagonalization (LBD) [11] is shown, for the sake In all these graphs, it can be seen that by allowing subchan-
of comparison. Optimal water-filling is used for each user inel selection, the transmit power can be reduced significantly.
the LBD scheme. Optimal user ordering for the BD-GMD-SS scheme also im-

In Fig. 1, the transmit power is plotted against the raferoves the performance. It is able to provide a sum power close
requirementp, where the rate requirement for each useéo the optimal IB solution but at a much lower complexity.
is p bps/Hz. It can be seen that a large improvement c&urthermore, the suboptimal method based on the ‘best choice
be obtained when subchannel selection is allowed, even twdering’ can be performed with even lesser computations
uncorrelated channels. As the rate requirement increases, thithout much loss in performance.
gain reduces because more subchannels are used. Compared VIIL.
to the unordered schemes, ordering provides relatively small . o ONCLUSION -
improvements. This is due to the similar channel strengths andrhe optimal solution to the broadcast power minimization
similar rate requirements of all the users. problem using DPC given user rate requirements has been

In Fig. 2, sum power versus target rapeis shown for solved optimally using iterative methods and convex opti-
the case with differentiated user rate requirements. The targggation. However, these methods involve a large amount of
rate is given byR = [p/2,2p,p/2,2p] bps/Hz. Here, user computations. I_n _th!s paper, B_D—GMD—S_S has_ been prqposed
ordering plays a major role. In fact, the optimal orderinépr ZF power minimization. This ZF solution with the optimal
with no subchannel selection already performs better than @iglering and subchannel selection can be found much faster
unordered case with optimal subchannel selectionpfer 4 than the optimal IB solution. Simulations have shown that the
and p = 6. This can be explained by the fact that differengum power obtained_with the optimal BD-GMD-_SS is not far
orderings result in different effective channel strengths of tiieom that of the optimal IB solution. A suboptimal method
users and proper ordering is required to match each user’s 1@feordering with further reduced complexity has also been
requirement with its effective channel strength. proposed and has shown minimal performance loss.

Fig. 3 shows the case of correlated channels and
equal rate requirements. The nominal AoDs are set as
[—60°, —20°,20°, 60°]. The angular spread is set2it’ for all [1] Y. Jiang, J. Li, and W. W. Hager, “Joint Transceiver Design for MIMO

’ ’ 0 ) . . Communications using Geometric Mean DecompositidBEFE Trans.
users. Here the improvement from using subchanngl selection gignal processingvol. 53, no. 10, pp. 37913803, Oct. 2005.
is large, about 5dB for the unordered case. This is becayges. Boyd and L. Vandenbergh€onvex OptimizationCambridge, U.K.:
in a rank deficient channel, the transmit power of each Cambridge Univ. Press, 2004. . o

. . C[) Z. Q. Luo and W. Yu, “An Introduction to Convex Optimization for
u_ser can be reduceq by choos!ng only a SUbset of availa Communications and Signal ProcessingEE J. Select. Areas Commun.
eigenchannels. In this case, optimal user ordering for the casevol. 24, no. 8, pp. 1426-1438, Aug. 2006.
of no subchannel selection is not able to compensate mu¢hP. Viswanath and D. N. C. Tse, “Sum Capacity of the Vector Gaussian
f h ff d lati This i fl d in the hiah Broadcast Channel and Uplink-Downlink DualityEEE Trans. Inform.
or the effect due to correlation. This is reflected in the higher theory vol. 49, no. 8, pp. 1912-1921, Aug. 2003.
power of this method compared to the cases with subchanlC.-H. F. Fung, W. Yu, and T. J. Lim, “Multi-antenna downlink precoding
selection allowed. This is due to the similar rate requirements with individual rate constraints: power minimization and user ordering,”
. Proc. Int. Conf. Commun. Systenpp. 45-49, Sep. 2004.
of the US_E‘I’S. Also, BD'GMD'SS has a transm't power arourfﬁ M. Mohseni, R. Zhang, and J. M. Cioffi “Optimized Transmission for
0.5 dB higher than the optimal IB solution at= 4 bps/Hz, Fading Multiple-Access and Broadcast Channels with Multiple Anten-
whether or not user ordering is applied. nas,” IEEE J. Select. Areas Commumwol. 24, no. 8, pp. 1627-1639,
The effect of both differentiated rat i t Aug. 2008,

€ efrect o 0. ! eren 'a_e ra? requwemen S aqgl] J. Lee and N. Jindal “Symmetric Capacity of MIMO Downlink Channels,”
correlated channels is plotted in Fig. 4. Similar to the previous IEEE Int. Symp. Inform. Theorpp. 1031-1035, Jul. 2006. _
figure, there is a substantial reduction in power when subchdfi- S: Lin, W. W. L. Ho, and Y.-C. Liang, “Block-diagonal Geometric Mean

. . Decomposition (BD-GMD) for Multiuser MIMO Broadcast Channels,”

nel selection is allowed, abqut 5dB for the unordered Case, |nt. symp. Personal, Indoor and Mobile Radio Commiselsinki, 11—
due to the channel correlation. Furthermore, user ordering 14 Sep. 2006.
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